Hamilton's principle is used to extend for the Toda lattice ODEs to systems of PDEs called the Toda lattice strand equations (T-Strands). The T-Strands in the n-particle Toda case comprise 4n − 2 quadratically nonlinear PDEs in one space and one time variable. T-Strands form a symmetric hyperbolic Lie-Poisson Hamiltonian system of quadratically nonlinear PDEs with constant characteristic velocities. The travelling wave solutions for the two-particle T-Strand equations are solved geometrically, and their Lax pair is given to show how nonlinearity affects the solution. The three-particle T-Strands equations are also derived from Hamilton's principle. For both the two-particle and threeparticle T-Strand PDEs the determining conditions for the existence of a quadratic zerocurvature relation (ZCR) exactly cancel the nonlinear terms in the PDEs. Thus, the two-particle and three-particle T-Strand PDEs do not pass the ZCR test for integrability.
Introduction and plan of the paper
The concept of G-Strand PDE dynamics applies to motion of molecular strands, or filaments, such as polymers and other long hydrocarbon molecules such as DNA in which a molecular interaction occurs among neighboring points along the strand [4] . In what follows, the molecular interactions at each point s along the strand are simplified by replacing the physical interaction model with an n-particle Toda lattice, coupled to its neighbors along the strand by gradient terms in ∂ s . This simplification of the molecular strand interaction yields the Toda lattice G-Strand, abbreviated as T-Strand. Our approach uses the Euler-Poincaré (EP) formulation of Hamilton's principle for the Toda lattice ODEs [18] . In the EP formulation, the Toda lattice dynamical system is recognised as coadjoint motion on the dual of a certain matrix Lie algebra. In the EP setting, we pass from the Toda lattice ODEs to a system of nonlinear PDEs in one space and one time dimension.
Lax pair representation The Toda lattice ODEs are well known to admit a matrix commutator representation due to Flaschka [6, 7] 
where L = L T is symmetric and M = −M T is antisymmetric. The matrices L and M in (1.1) are said to form a Lax pair, after Lax's famous solution of the Korteweg-de Vries (KdV) equation [22] obtained by writing KdV in the form (1.1).
Zero curvature representation (ZCR) Soon after Lax wrote the KdV equation in commutator form (1.1) in [22] , people realized that the Lax-pair representation of integrable systems is equivalent to a zero curvature representation (a zero commutator of two operators), as in
(1.2)
In equation (1.2) , one sees two separate Lax pairs (one in t and another in s) whose (s, t) dependence on both independent variables is linked together by the conditions imposed by the ZCR.
Summary of the paper In this paper, we first formulate the Toda ODEs as an EulerPoincaré system using Hamilton's principle on a semidirect-product Lie group of scalings and translations S T . Next, we derive the T-Strand PDEs by using the Euler-Poincaré theory to include another independent variable and thus extend from Toda ODEs in time t to TStrand PDEs in space-time (s, t). This approach was previously used successfully to formulate integrable PDEs by extending Euler's equations for the rigid body on SO(3) and the BlochIserles equations on Sp(2) from ODEs to PDEs [15] .
Next, we test for integrability of the T-Strand PDEs by formulating their zero curvature representation (ZCR). It turns out that the T-Strand systems for two-particle and three-particle T-Strands admit a ZCR only on a submanifold of the full solution space defined by certain linear relationships for which their (quadratic) nonlinear terms cancel. The role of the nonlinear terms for travelling wave ODEs is discussed for the two-particle T-Strands and the Lax pair is given for these travelling waves.
The main results and plan of the paper are as follows.
Section 2 briefly introduces the Toda lattice.
Section 3 begins by formulating Toda lattice dynamics in terms of Hamilton's principle by using the Euler-Poincaré (EP) theory for Lie group invariant Lagrangians [24] . This section places Toda lattice dynamics into the EP framework and introduces G-Strands as maps g(t, s) : R × R → G of space-time R × R into a Lie group G, such that the maps follow from Hamilton's principle for a G-invariant Lagrangian.
Section 4 develops the Lie-Poisson Hamiltonian formulation of the two-particle and threeparticle Toda lattice G-Strands. This is the T-Strand dynamics that we study. Section 4 demonstrates that the two-particle T-Strand is a 4n − 2 = 6 dimensional symmetric hyperbolic system whose characteristic speeds c are given by c 2 = 1. All calculations are performed explicitly using elementary matrix methods.
Section 5 discusses the travelling wave solutions of the two-particle T-Strand and derives an explicit solution. These solutions may be visualized as intersections in R 3 of level sets of two families of quadratic conserved quantities. In particular, these level sets in R 3 comprise two families of orthogonally aligned off-set elliptical cylinders. A typical solution following one of these intersections is shown in Figure 1 .1. Section 6 applies the zero curvature representation (ZCR) integrability test to the six-dimensional two-particle T-Strand equations and shows that the determining relations among the variables for which these equations admit a ZCR imply that the nonlinear terms in the T-Strand equations exactly vanish.
Section 7 discusses the ten-dimensional three-particle T-Strands (4n − 2 = 10) and shows the parallel construction of the equations and their ZCR integrability test, which has the same exact cancellation of the nonlinear terms as found for the two-particle T-Strands.
Section 8 concludes with a summary of the main paper's results. One of the main results is the cancellation of the nonlinear terms in the T-Strand equations by the determining relations for them to admit a ZCR. This was not entirely expected, because the present EP approach had previously succeeded in constructing integrable 1+1 PDE generalizations of the integrable ODEs for the Lie algebras so(3) (rigid body) and sp(2) (Bloch-Iserles equation) [15] . For the Toda lattice T-Strands the EP approach produces systems of 1+1 PDEs for which the (linear) determining equations that provide the submanifold on which the system admits a ZCR also happen to cancel the (quadratic) nonlinear terms in these PDEs. This result raises the following question. What is the mathematical reason why this exact cancellation occurs? One might imagine that it occurs for a Liealgebraic reason. The EP approach produces equations whose solutions lie on coadjoint orbits of the symmetry group of their Lagrangian in Hamilton's principle. Perhaps the exact cancellation of the nonlinearity in the EP and compatibility equations by their ZCR determining equations has something to do with consistency of the Lie algebraic structure with transforming between ad and ad * operations of the Lie the symmetry group of the Lagrangian. An answer for this intriguing question will be conjectured in section 8, but it will not be fully answered, and thus will remain open as a topic for future discussion. Here is one example of a travelling wave solution for the two-particle T-Strand studied in section 5. These solutions can be represented in R 3 as the intersections of orthogonal elliptic cylinders. Two solutions are shown, corresponding to periodic motions around the two 'pringle' shaped intersections of the elliptic cylinders.
The Toda Lattice

Introduction
The Toda lattice is a system of n unit masses, connected by nonlinear springs governed by an exponential restoring force [26] . The canonical equations of motion are derivable from the Hamiltonian
in which q k is the displacement of the kth mass from equilibrium, and p k is the canonically conjugate momentum. This is a special case of the Fermi-Pasta-Ulam (FPU) lattice [5] , whose Hamiltonian is
FPU had focused mainly on the effects of cubic and quartic higher-order terms in the potential V , whereas Toda introduced an exponential nonlinearity.
Flaschka's change of variables
Definition 2.1 (Flaschka variables). Flaschka [6, 7] introduced the following 2n − 1 new variables for the n-particle Toda Lattice,
One may check that if (q k , p k ) satisfy the canonical equations derived from the Hamiltonian in
with boundary conditions a 0 = 0 = a n .
The n-particle Toda system (2.4) has a Lax pair representation [6, 7] 5) for the symmetric tridiagonal matrix L and the antisymmetric tridiagonal matrix B given by
Here the subscript (+) in L + means the upper triangular part of L, and (−) in L − means the lower triangular part. In this case, the Lax pair representation (2.6) means that
, so the n eigenvalues of L(t), which are real and distinct, are preserved along the Toda flow. This is enough to show that the Toda system is an integrable Hamiltonian system [6, 7] .
Other references For a broad outline of the mathematics of the Toda lattice and references to some of its extensive literature in the context of integrable Hamiltonian systems, see [1] . For a summary introduction to the fundamental papers in the field and a clear discussion of the Toda lattice from the viewpoint of geometric mechanics, see [2] . The first work on solving the Toda lattice equations by using their integrability is due to Moser [25] .
Euler-Poincaré formulation of Toda lattice dynamics
This section begins by formulating Toda lattice dynamics in terms of Hamilton's principle. For this purpose, we will apply the Euler-Poincaré theory [24] . We will then formulate G-Strand dynamics for a strand of interacting Toda lattices depending on space and time.
Euler-Poincaré Theory
In the notation for the adjoint (ad) and coadjoint (ad * ) actions of Lie algebras on themselves and on their duals, Hamilton's principle (that the equations of motion arise from stationarity of the action) for Lagrangians defined on Lie algebras may be expressed as follows. This is the Euler-Poincaré theorem [24] .
of an action
whose Lagrangian is defined on the (left-invariant) Lie algebra g of a Lie group
for variations of the left-invariant Lie algebra element
that are restricted to the form δξ =η + ad ξ η , (3.3) in which η(t) ∈ g is a curve in the Lie algebra g that vanishes at the endpoints in time.
The Euler-Poincaré theorem provides a useful and convenient means of reduction by symmetry of Hamilton's principles for Lagrangians that are invariant under a non-Abelian Lie group. For recent discussions and other applications of this theorem, see [18, 19] .
3.2 Hamilton's principle for the n-particle Toda lattice
The n-particle Toda lattice dynamics arises from a Lagrangian defined on R 2n−1 that is invariant under a certain Lie group G of scaling S and shear transformations T that has 2n−1-parameters, in the set {α 1 , . . . , α n−1 , β 1 , . . . , β n }. We denote the Flaschka variables as a row vector in R 2n−1 , namely (a 1 , . . . , a n−1 , b 1 , . . . , b n ). The Lie group action we consider here is the left action of the semidirect product group G = S T on R 2n−1 , namely, S : (a 1 , a 2 , . . . , a n−1 ) → (e β 1 −β 2 a 1 , e β 2 −β 3 a 2 , . . . , e β n−1 −βn a n−1 ) ,
We will show that the Toda lattice equations in Flaschka variables comprise an Euler-Poincaré equation of the form (3.2) for the semidirect product action in (3.4) of G = S T on R 2n−1 .
Three particles
The case of n = 3 is sufficient to illustrate the general idea. In that case, 2n − 1 = 5 and the Lie group action G × R 5 → R 5 we consider is,
This group representation could be reduced to four dimensions. However, it is convenient to write the Lie group and its Lie algebra in terms of 5 = 2n − 1 parameters, in order to match the number of degrees of freedom in the Toda equations.
The group element g t ∈ G = S T and its (left) Lie algebra ξ ∈ g for this group action may be represented as a subgroup of the lower triangular matrices. Namely,
The nonvanishing commutators among the matrix basis elements in this representation are
This is the expected form of the Lie algebra commutator for a semidirect product. Remarkably, although both groups S and T are Abelian, their semidirect product G = S T is not Abelian.
The Lie algebra commutator ad ξ η = [ξ, η] is given for two Lie algebra elements ξ and η by
An element of the dual Lie algebra µ ∈ g * is represented by the transpose of its corresponding Lie algebra matrix in (3.6),
This is also the matrix dual, so it provides a non-degenerate pairing ·, ·, : g × g * → R via the trace pairing of matrices.
We compute the ad * operation by taking the dual of ad by the following computation
These formulas are the ingredients needed for writing the Toda lattice equation ( tġt for a Lagrangian l(ξ) that is invariant under S T . In components, this iṡ
After a Legendre transformation to the corresponding Hamiltonian, h(µ), with ξ k = ∂h/∂µ k and rearrangement into a matrix product form, this set of formulas becomes
Flaschka's notation and recalling the three-particle Toda Hamiltonian
we finally recover the EP formulation of the known formulas for three-particle Toda lattice dynamics
The Euler-Poincaré ODEs for the n-particle Toda lattice follows the same pattern as the threeparticle case. The two-particle case further simplifies the problem.
Two particles
The Euler-Poincaré equations for the two-particle Toda lattice follows by restricting the corresponding formula for n = 3 in (3.9). In the n = 2 case, we have 2n − 1 = 3 and the group action
The matrix representations of the group G and its Lie algebra g for n = 2 are given by
where ξ 1 =α| t=0 , ξ 2 =β 1 | t=0 and ξ 3 =β 2 | t=0 . The commutators among the matrix basis elements in this representation are
The Lie algebra commutator is given for two Lie algebra elements ξ = ξ ·ê and η = η ·ê by
Thus, the components of ad ξ η are
An element of the dual Lie algebra is represented by the transpose matrix,
Thus, for each ξ ∈ g, there exists µ ∈ g * .
We compute the action ad * : g * × g → g * in matrix notation as follows
(3.14)
In matrix form, the formula for ad * ξ µ is then represented using (3.13)-(3.14) as
As a side remark, we observe that on this Lie algebra the quantity (ad * ξ µ) T ∈ g cannot be written as a matrix commutator with this pairing, since
In contrast, one has ad † ξ (ξ T ) = −ad ξ (ξ T ) for both of the Lie algebras so(3) and sp (2), whose corresponding EP equations are completely integrable. Formula (3.15) for ad * ξ µ is the ingredient needed for writing the Euler-Poincaré equatioṅ
tġt for a Lagrangian l(ξ) that is invariant under S T . In components, this iṡ
After Legendre transforming to the corresponding Hamiltonian,
with ξ k = ∂h/∂µ k and rearrangement into a matrix product form, the set of formulas in (3.16) takes the Lie-Poisson Hamiltonian form,μ = B(µ) ∂h ∂µ = {µ, h} on the dual Lie algebra g * , with
Now by substituting the two-particle Toda Hamiltonian
we may finally write the standard formulas for two-particle Toda lattice dynamics as an EulerPoincaré system
We have now recovered the well-known Lie-Poisson Hamiltonian formulations of the two-particle and three-particle Toda dynamics, by casting the problem as an Euler-Poincaré (EP) problem. The methods discussed generalize easily to n particles. For example, n-particle Toda dynamics is Hamiltonian with respect to the Lie-Poisson bracket defined on the dual of the Lie algebra for the left action of the semidirect product group S T on R 2n−1 . Our goal is to formulate Toda lattice G-Strand dynamics (T-Strands), and for this we will need the EP formulation. We almost have our goal in sight. We know that n-particle Toda lattice ODEs represent coadjoint motion for the action of the Lie group S T on R 2n−1 . In particular, we know how to compute the ad * operation for this semidirect product Lie group, and this ad * operation will produce the G-Strand equations for a strand of interacting Toda lattices, as explained in the next section.
Toda lattice G-Strands for G = S T
This section formulates the dynamics of a strand of interacting Toda lattices depending on space and time. For this, it introduces G-Strands as a type of map g(t, s) : R × R → G of space-time R × R into a Lie group G.
Definition 3.3 (G-Strand [15]).
A G-Strand is a map g(t, s) : R × R → G of space-time R × R into a Lie group G that follows from Hamilton's principle for a G-invariant Lagrangian.
Consider Hamilton's principle δS = 0 for a left-invariant Lagrangian,
with the following definitions of the tangent vectors ξ and η, 19) where g(t, s) ∈ G is a real-valued map g : R × R → G for a Lie group G.
From equality of cross derivatives, one finds an auxiliary equation for the evolution of η(t, s)
Hamilton's principle.
where the formulas for the variations δξ and δη are obtained from their definitions. Hence,
This is the Euler-Poincaré equation for the time evolution of δ /δξ ∈ g * .
Upon defining ξ := δ /δξ and ν := δ /δη, we have 22) in which ξ := g −1 ∂ t g and η := g −1 ∂ s g for a Lagrangian l(ξ, η) that is invariant under G.
The G-Strand equations also include the auxiliary equation (3.20) for the evolution of η(t, s)
obtained from equality of cross derivatives of the definitions (3.19).
Remark 3.4. The concept of G-Strands applies to molecular strands, or filaments, such as polymers and other long hydrocarbon molecules such as DNA [4] . In what follows, we will simplify the molecular structure at each point along the strand, by replacing the physical model with a two-particle Toda lattice. This is the two-particle T-Strand. Later in section 7 we will also discuss the three-particle T-Strand, which illustrates the behavior of the n-particle case.
Two-particle T-Strands
This section specializes to the two-particle T-Strand equations and summarizes their Lagrangian and Hamiltonian evolutionary properties. The wave properties of the two-particle T-Strand equations are revealed by rewriting them equivalently as a six-dimensional symmetric hyperbolic system with constant wave speed.
The G-Strand Euler-Poincaré equation (3.22) for the case G = S T in the previous section may be written using equation (3.15) as
where ξ = ∂h/∂ξ and η = ∂h/∂ν. The corresponding compatibility equation (3.23) may be written using equation (3.11) as 
Lagrangian and Hamiltonian formulations
Definition 4.1. (Left-invariant G-Strand Lagrangian for the two-particle Toda Lattice) For ξ, η ∈ g we define the left-invariant Lagrangian for the two-particle T-Strand as
where we may treat the ξ terms as the kinetic energy of the system and the η terms as the potential energy of the system. 3) ).
Other choices of the Lagrangian would be possible. However, the choice of the T-Strand Lagrangian (4.3) has been made because it will result in a set of 1+1 PDEs in (s, t) that admits the zero curvature representation,
so it contains a Lax pair representation (2.5) in each independent variable separately.
To obtain the Hamiltonian, h : g * → R corresponding to the Lagrangian (4.3) we take the Legendre transform of this Lagrangian,
Taking the total derivative of the Hamiltonian yields
from which we find the relations
Thus, for the two-particle Toda system, the T-Strand Hamiltonian is 
Proof. As a result of Proposition 3.2 we may write the equations of motion and compatibility on the Hamiltonian side as:
6)
which we may formulate in matrix form as
The components of ad * for (s t) * are given in equation (3.16) as
Inserting the definitions for coadjoint and adjoint actions yields the result.
Remark 4.4. The matrix in Theorem 4.3 is similar to the lower right corner of the Hamiltonian matrix for a perfect complex fluid [14, 11] . It also shows up in the Lie-Poisson brackets for Yang-Mills fluids [16] and for spin glasses [3, 17] .
Finally, we write the two-particle T-Strand equations in component form as
Inverting the relations δh δµ = (µ 1 , µ 2 , 2µ 3 ) = ξ = (ξ 1 , ξ 2 , ξ 3 ) now yields the following.
Theorem 4.5. Equations (4.9) for T-Strands may be written as a six-dimensional symmetric hyperbolic system in (ξ 1 , ξ 2 , ξ 3 , η 1 , η 2 , η 3 ) with characteristic speeds c given by c 2 = 1.
Proof. The T-Strand equations (4.9) may be written in characteristic form, by inverting the Legendre transformation (4.5) which gives the linear relations (µ 1 , µ 2 , µ 3 ) = ξ 1 , ξ 2 , 1 2 ξ 3 , and these relations allow rearrangement of (4.9) into the following symmetric hyperbolic form, 
The characteristic polynomial of this system has roots given by (c 2 − 1) 3 =0. Thus, the characteristic speeds c are given by c 2 = 1.
Travelling waves for the two-particle T-Strand
As shown in the previous section, equations (4.9) for the two-particle T-Strand form a symmetric hyperbolic system with constant characteristic speeds c given by c 2 = 1. This is clear from equation (4.10), which was obtained by inverting the Legendre transformation (4.5) in the proof of Theorem 7.1. The present section constructs explicit formulas for travelling wave solutions of the system (4.10) for an arbitrary wave speed, c = ±1.
The space-time translation invariance of equations (4.10) implies that the system admits the travelling-wave reduction, ξ i (s, t) =ξ i (τ ) and η i (s, t) =η i (τ ), with τ := s − ct for i = 1, 2, 3.
Substituting these travelling-wave forms of the solutions into equations (4.10) yields a sixdimensional system of ordinary differential equations (ODE) (dropping the bars for simpler notation)
where one denotesξ 1 = dξ 1 /dτ , etc.
This ODE system has three conservation laws that are expressible as invertible linear relations 
where α is a constant of the motion.
Proposition 5.1. The system (5.3) is divergence free and its solutions can be interpreted as motion along the intersections of two level sets,
Proof. The proof begins by observing that the system (5.3) is divergence free in R 3 . That is, for a vector X := (X, Y, Z) T ∈ R 3 system (5.3) satisfies
Consequently, the motion preserves the volume form dX ∧ dY ∧ dZ, and the system (5.3) can be expressed locally as the cross product of gradients,
Consequently, the solutions of (5.3) move along the intersections of level surfaces of C 1 and C 2 in R 3 . For our system, this is satisfied for
The quadratic level surfaces of C 1 and C 2 comprise two families of elliptic cylinders that are orthogonal to each other in R 3 , and whose centres are offset from each other along the Xcoordinate axis by an amount proportional to α.
Remark 5.2. The solution of the travelling wave system (5.3) has now been reduced to determining the motion along intersections of two families of orthogonal elliptic cylinders in R 3 . These are the level sets of C 1 , whose axis is given as
and the level set of C 2 whose axis is given as
We note some additional properties of the travelling wave system (5.1) that arise from its equivalent representation as (5.3):
• No solutions of (5.1) exist when c = ±1, as the elliptic cylinders in (5.5) will be undefined at these values. For c = ±1 it can also be shown that (5.1) results in an under-determined system of ODEs. This is in stark contrast to the characteristic speeds of the hyperbolic PDE system (4.9), which are given by c 2 = 1. Consequently, one may think of the travelling wave solutions of (5.1) and the characteristic solutions of (4.9) as being disjoint solution sets whose union encompasses all possible wave speeds.
• Travelling wave solutions of (5.1) lie on paths that take the form of the edge of a deformed 'pringle' shape, as shown in Figure 1 .1, which illustrates the intersections of level surfaces of C 1 and C 2 . All solutions will therefore be periodic, unless the intersections are critical points. At critical points the two elliptic cylinders are tangent, the gradients of C 1 and C 2 are collinear, and the travelling wave solution will be stationary in the moving frame.
Proposition 5.3.
On level sets of C 1 , for α = 0, the motion reduces to that of a simple pendulum.
Proof. For the proof, let us first consider the case where the offset parameter α does not necessarily vanish. Let us define elliptical polar coordinate variables r, θ and p, given by
so C 1 and C 2 transform to
and
We restrict the motion to a level set of C 1 , specified as 2C 1 = r 2 = const. On this level set, the transformation of coordinates in (5.6) yields dX = 1 1 − c (sin θ dr + r cos θ dθ), dY = (1 + c)(cos θ dr − r sin θ dθ), dZ = (1 − c) dp .
The preserved volume form dX ∧ dY ∧ dZ may then be written as
∧ dθ ∧ dp = (1 + c) dC 1 ∧ dθ ∧ dp .
This means that the motion on a level set of C 1 is canonically Hamiltonian. We choose C 2 to be our Hamiltonian and restrict to motion on C 1 . For a fixed value of C 1 , the function {F, C 2 } only depends on (θ, p), so motions on level sets of C 1 are given as
Hence, motion on the level set C 1 is given by the symplectic Poisson bracket,
for which we see {θ, p} = 1 1 + c .
When C 2 in (5.7) is chosen as the Hamiltonian, the canonical equations of motion are given by
Combining these equations to eliminate p yields
In analogy to rigid body motion [12] , setting α = 0 in (5.11) now yields 
Lax pair for two-particle T-Strand travelling waves
We make one final remark about the two-particle T-Strand travelling waves, in the form of a theorem.
Theorem 5.5. The two-particle T-Strand travelling wave equations may be cast as a Lax pair.
Proof. We write the travelling wave equations (5.4) as a 2-form equation
Consequently, we may write with σ =
which in R 3 vector form becomes
Identifying X and ∇C 2 with the 3 × 3 skew symmetric matrices by the hat map expressions X jk = − jki X i and Y jk = − jki ∇ i C 2 then transforms the vector equation (5.16) for T-Strand travelling wave motion into Lax commutator form
This is the Lax pair for two-particle T-Strand travelling waves.
Zero curvature representation (ZCR)
Soon after Lax wrote the KdV equation in commutator form in [22] , people realized that the Lax-pair representation of integrable systems is equivalent to a zero curvature representation (a zero commutator of two operators), as in
In equation (6.1), one sees two separate Lax pairs (one in t and another in s) whose (s, t) dependence on both independent variables is linked together by the conditions imposed by the ZCR. In one of the first applications of the ZCR approach, Zakharov and Manakov [27] developed the inverse scattering solution for the three-wave equation which has a 3 × 3 matrix ZCR representation, where both operators L and M are linear in the spectral parameter λ. Manakov used a particular s-independent case of the same ZCR [23] to find the integrability conditions for the ordinary differential equations (ODEs) describing the motion of a rigid body in n dimensions. The Lax matrices L and M that we study for T-Strands are quadratic in λ. Lax operators that are polynomial (quadratic) in λ were first used in studies of the Thirring model in [21] and the derivative nonlinear Schrödinger (DNLS) equation in [20] . The inverse scattering method (ISM) for Lax operators that are quadratic in λ was developed in [10] and recently a Riemann-Hilbert formulation of the inverse-scattering problem for ZCR operators that are polynomial in λ was developed in [9] .
The ZCR test for integrability of the two-particle T-Strand
Based on the forms of the Lax pair matrices for the Toda lattice in (2.6) and the symmetric form of the two-particle Toda lattice G-Strand system (4.9) one may prove the following.
Proposition 6.1. The two-particle Toda lattice G-Strand equations (4.9) possess a zero curvature representation,
where
Remark 6.2. Equations (6.2)-(6.3) recover two copies of the Lax pair for the ODE formulation, appearing in L and M , if for M 2 and N 2 we take the matrix differences
This recovers antisymmetry of the Lax matrix M for the Toda ODEs. Substituting these matrix differences does not affect the reduction to the matrix Lax pair ODEs, but it does affect the additional compatibility equation that arises for the T-Strands. Of course, it is absent for the original Toda lattice. This is the key step in writing the ZCR for the T-Strands so that it recovers the Lax pair for the Toda ODEs.
Proposition 6.3 (Lax pair for the compatibility condition).
It follows from the definitions of the Lax matrices in (6.3) that the compatibility condition for two-particle T-Strands implies,
[ZCR test for integrability of the two-particle T-Strand] The T-Strand system of equations comprising the Euler-Poincaré equation (6.2) and the compatibility condition (6.4), admit a zero curvature representation, 6) where the Lax matrices (M 1 , M 2 , N 1 , N 2 ) are defined in (6.3).
Proof. Inserting the definitions for L and M, then equating coefficients of powers of λ yields:
We may now solve the determining equations (6.7) and extract the conditions under which the two-particle Toda G-Strand will possess a zero curvature representation (Lax pair) and thus be an integrable system.
• The equations at order λ 0 and λ 1 in the system (6.7) recover, respectively, the compatibility condition and Euler-Poincaré equations. These equations determine the time evolution of N 2 and M 1 in L, which are prognostic variables. In contrast, the matrices A and B, as well as the diagnostic variables N 1 and M 2 in M must be determined from the ZCR conditions at orders λ 2 , λ 3 and λ 4 .
• The equation at order λ 4 may be satisfied by choosing the matrices A and B to be constant elements of SO (2); that is, by setting:
where these constant matrix entries should not be confused with Flaschka's variables appearing in the earlier sections of the paper.
• The order λ 3 equation gives a linear relation that determines the diagnostic variableN 1 in terms of the prognostic variable M 1 , namely,
• The order λ 2 equation gives a formula for the diagnostic variable M 2 in terms of the the prognostic variables N 2 and M 1 , namely,
(6.10)
Thus, the determining equations (6.7) may be solved to express the diagnostic variables (N 1 , M 2 ) contained in M , in terms of the prognostic ones (
Consequently, the G-Strand system of equations (6.2)-(6.4) may be written as a zero curvature representation (or Lax pair) as in (6.5) , by taking the matrices L and M as
(6.11)
A direct solution for the ZCR of the two-particle T-Strand
The proof of Theorem 6.4 shows that the relations (6.9)-(6.10) allow the G-Strand system of equations (6.2)-(6.4) to be written as a zero curvature representation (or Lax pair), as in (6.5) , with the matrices L and M given in (6.11) . In the present case, the 2 × 2 matrices involved are simple enough to allow a direct solution of the determining equations (6.7). For this case, the order λ 3 equation is satisfied, provided the following relation holds
After a short calculation, one finds that the order λ 2 equation is satisfied, provided the additional two relations hold
(6.13)
Upon rearrangement, equations (6.12)-(6.13) combine into
for nonzero η 3 and ξ 3 . Hence, equations (6.12)-(6.13) imply
Thus, the two-particle Toda G-strand has a zero curvature representation (or Lax pair) and is completely integrable, provided the conditions (6.15) hold.
In this case, we may use the two linear relations in (6.15) among the six variables {η 1 , η 2 , η 3 , ξ 1 , ξ 2 , ξ 3 } to simplify the original equations (4.9).
The ZCR test for integrability By reordering equations (4.9) we may write them as three pairs of nonlinear wave equations in characteristic form, This result has proved the following theorem.
Theorem 6.5 (Cancellation of the nonlinearity under the ZCR test for integrability). The determining equations in (6.15) provide the submanifold on which the two-particle TStrand PDE system (6.16) in 1+1 dimensions admits a ZCR. These (linear) determining equations imply that the (quadratic) nonlinear terms vanish in the T-Strand PDEs.
Three-particle T-Strands
To write the three-particle T-Strand equations on the semidirect product Lie algebra of the Lie group S T in (3.5), one may follow the same path as in section 4 for the two-particle case. This means starting from the EP formulation of the three-particle Toda lattice ODEs as a basis for the EP formulation of the corresponding PDEs for three-particle T-Strands. One then inverts the Legendre transform to express the EP equations and their compatibility equations all in terms of the Lie algebraic variables, ξ, η ∈ s t.
We write the three-particle T-Strand equations on the semidirect product Lie algebra in component form. First there are five EP equations determined from the five components of (ad * ξ η) in (3.8),
2 ) .
Then there are five compatibility equations determined from the components of (ad ξ η) in (3.7),
7.1 Hyperbolicity of the three-particle T-Strand Theorem 7.1. Equations (7.1)-(7.2) for three-particle T-Strands may be written as a tendimensional symmetric hyperbolic system with characteristic speeds c given by c 2 = 1.
Proof. The three-particle T-Strand equations (7.1)-(7.2) may be rearranged into the following symmetric hyperbolic form,
where RHS is the right-hand side of equations (7.1)-(7.2). The characteristic polynomial of this system has roots given by (c 2 − 1) 5 =0. Thus, the characteristic speeds c are given by c 2 = 1.
7.2 ZCR test for integrability of the three-particle T-Strand Proposition 7.2 (Lax pair for Euler-Poincaré). There exists a ZCR for the three-particle T-Strand Euler-Poincaré equation (7.1), namely
The proof is a direct calculation.
Proposition 7.3 (ZCR for compatibility condition). It follows from the above definitions that these matrices satisfy the compatibility condition for the three-particle Toda Lattice G-Strands
although only on the submanifold η 2 ξ 1 = ξ 2 η 1 .
Proof. The proof is a direct calculation.
Keeping in mind the caveat that the compatibility condition for three-particle T-Strand holds only on the submanifold η 2 ξ 1 = ξ 2 η 1 , we continue with the calculation of the ZCR condition.
Theorem 7.4 (Cancellation of the nonlinearity under the ZCR test for integrability). The determining equations in (6.15) provide the submanifold on which the three-particle TStrand PDE system (6.16) in 1+1 dimensions admits a ZCR. These (linear) determining equations imply that the (quadratic) nonlinear terms vanish in the T-Strand PDEs.
Proof. We define quadratic quantities in λ
The Lax pair for a system of PDEs is defined as:
Inserting our definitions for L and M, and equating for powers of λ yields:
We now use the proof of Theorem 6.4 in order to derive the relations under which the system of equations (4.9) is integrable.
The λ 4 equation is satisfied by choosing A = diag(a 1 , a 2 , a 3 ) and B := diag(b 1 , b 2 , b 3 ).
For our system, a computation of matrix algebra yields that the order λ 3 equation is satisfied provided the following relations hold
We similarly find that the order λ 2 equation is satisfied provided the following relations hold η 1 (ξ 4 − ξ 3 ) = ξ 1 (η 4 − η 3 ) . η 2 ξ 1 = ξ 2 η 1 ,
(7.7)
By comparing the expressions obtained from solving for the ratios ξ 1 /η 1 and ξ 2 /η 2 in (7.6) and (7.7), we see that the following relations must hold
Hence, from the other equations in (6.13), we also have
Upon substituting the ZCR relations (7.7) into the three-particle T-Strand equations (7.1), all of their nonlinearities cancel to zero. That is, only the linear part of the three-particle T-Strand system of equations (7.1) survives after imposing the ZCR test for integrability.
Conclusions
This paper has formulated Toda lattice dynamics in terms of Hamilton's principle by using the Euler-Poincaré (EP) theory for Lie group invariant Lagrangians [24] . This EP formulation of Toda lattice dynamics has allowed it to be placed into the G-Strand framework, which generalized it from ODEs in time t to T-Strand PDEs in 1+1 space-time (s, t). The travelling wave solutions for this two-particle T-Strand system of nonlinear PDEs were studied and represented geometrically, as paths in R 3 along intersections between two families of orthogonally aligned but off set elliptical cylinders. The two-particle T-Strand PDEs turned out to comprise a six-dimensional symmetric hyperbolic system with constant characteristic speeds. This, in turn, was a necessary condition for them to be endowed with a zero curvature representation (ZCR). The ZCR was computed, but for the two-particle T-Strand the determining conditions for the existence of the ZCR exactly cancelled the nonlinearity in the PDE system, resulting in a set of six uncoupled linear wave equations. This was a bit surprising, since the strategy of extending the Lax pair for an integrable ODE system to an an integrable 1+1 PDE system had been successful in other cases [15] . One might have thought that the cancellation of nonlinearities had happened for the two-particle T-Strand because it did not have enough "room" for the interplay among it degrees of freedom to admit the additional determining conditions. However, the same phenomenon occurred for the three-particle T-Strand PDEs, in which the nonlinear terms were again exactly cancelled by the ZCR determining conditions. We conclude by stating the following open question raised by this investigation and suggesting a possible route to its solution. Namely, when does the Euler-Poincaré variational strategy of the present paper fail or succeed in producing an integrable 1+1 PDE system from an integrable ODE system? As mentioned earlier, this approach had succeeded in formulating integrable G-Strand PDEs by extending Euler's equations for both the rigid body ODEs on SO(3) and the Bloch-Iserles ODEs on Sp(2), both of which have Lax pairs [15] . As we have found, the EP approach does produce interesting PDE systems for the two-particle and three-particle T-Strands. However, in the T-Strand case, the EP approach does not succeed in producing nonlinear systems that admit a ZCR and are thus completely integrable Hamiltonian systems. The reason for this may have been spotted in remark 3.2 where we observed that on the Lie algebra s t the quantity (ad * ξ µ)
T ∈ g cannot be written as a matrix commutator with the matrix pairing, since (ad * ξ µ)
This means that for this Lie algebra and this pairing the operations ad and ad * are not both equivalent to matrix commutators. In contrast, one has ad † ξ (µ T ) = − ad ξ (µ T ) for both of the Lie algebras so(3) and sp(2), whose corresponding EP equations have been shown to be completely integrable via the EP approach.
